Abstract The present contribution aims at developing a numerical procedure for predicting the failure of high rise reinforced concrete walls subjected to fire loading conditions. The stability of such structures depends, on the one hand, on thermal strains inducing a curved deformed configuration and, on the other hand, on a local degradation of the constitutive material strength properties due to the increase of temperature across the wall thickness. A three step procedure is proposed, in which the yield design (limit analysis) method is applied on two separate levels. First, an up-scaling procedure on the wall unit cell is considered as a way for assessing the generalized strength properties of the curved wall, modelled as a shell, by taking into account reduced strength capacities of the constitutive materials. Secondly, the overall stability of the wall in its fire-induced deformed configuration is assessed using lower and upper bound based on shell finite elements and the previously determined temperature-dependent strength criterion. Second-order cone programming problems are then formulated and solved using state-of-the-art solvers. Different illustrative applications are presented to investigate the sensitivity of the wall stability to geometrical parameters. Finally, the influence of imperfect connections between panels is also considered using a simple joint behaviour.
Introduction
Direct methods such as yield design [1] (or limit analysis in a perfectly plastic framework [2] ) are now becoming increasingly popular for computing the bearing capacity of a wide variety of structures (soils [3] , masonry [4] , reinforced concrete [2, 5] , etc.) thanks to the development of efficient interior point algorithms for solving the corresponding optimization problems [6] .
Assessing the bearing capacity of reinforced concrete structure in fire conditions has also received increasing attention in the last decade [7, 8, 9] . The yield design approach has, for instance, recently been proposed to derive temperature-dependent interaction diagrams of reinforced concrete sections subject to a fire-induced temperature gradient [10] .
The stability of high-rise reinforced concrete walls in fire condition has been investigated in [11] using yield design computations at the structure scale. The present paper is a continuation of this work and attempts at providing more insights into the failure of such structures, in particular regarding the influence of the structure geometrical configuration and the influence of imperfect connections between panels. It is a translated version of chapter 9 of the thesis [12] , written in French.
High-rise reinforced concrete panels
Prefabricated reinforced concrete panels are increasingly used in modern high-rise industrial buildings. Such panels can be assembled either side by side in vertical strips (Figure 1 -left) or stacked one over another in horizontal strips (Figure 1-right) . They usually rest on concrete ground beams and can be associated to side purlins in the case of a vertical configuration or to columns in the horizontal case. The height obtained in a vertical configuration is limited by the maximal length of a panel, which typically ranges from 8 to 12 m. On the opposite, the horizontal configuration enables to reach total heights up to 20 m.
Such panels must usually be designed to act as fire-walls, limiting the propagation of a potential fire to other zones of the building while keeping, for a given amount of time, a sufficient mechanical strength before the complete structure collapse. Assessing the fire safety of such structures is, thus, of paramount importance and requires a more sophisticated approach than traditional design codes which are currently adapted only to panels of smaller dimensions.
Behaviour of high-rise panels in fire conditions
When designing traditional reinforced concrete structures in fire conditions, a reduction of stiffness and strength properties of concrete and steel as a function of temperature has to be taken into account. Including this degradation of strength properties for a reinforced concrete beam/plate section leads to temperature-dependent interaction diagrams in terms of membrane forces and bending moments (Figure 2-left) . Nevertheless, this aspect is not sufficient to fully describe the collapse of high-rise structures. Indeed, slender structures such as high-rise panels experience important out-ofplane displacements due to thermal deformation. Contrary to the case of smaller panels, these thermally-induced displacements can no longer be neglected and the self-weight eccentricity generates bending moments in addition to the initial compressive membrane forces (Figure 2-right) . This second-order effect due to geometrical non-linearities is classically known as "P − ∆ -effect". Thus, it is the combined action of a degradation of material strength capacities and the effect of geometrical changes induced by an important temperature increase which leads to the potential collapse of the structure. Its stability analysis is, therefore, relatively complex as the geometrical configuration at which collapse will occur is not initially given but has to be computed beforehand.
A simplified three-step procedure
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Step n°3 stability factor lower bound upper bound In order to avoid the difficulties of a full thermo-elasto-plastic computation including geometrical non-linearities and strength properties reduction of steel and concrete, a simplified procedure is proposed and relies on three distinctive steps ( Figure 3 ) :
• Step n • 1 : Determination of the deformed configuration.
Starting from a thermal gradient induced by an increase of temperature on one face of the wall, this steps amounts to compute the equilibrium configuration due to thermal deformation and self-weight.
• Step n • 2 : Determination of temperature-dependent strength criteria.
Starting from the same thermal gradient and in a completely independent manner, this step consists in evaluating a generalized temperature-dependent strength criterion of the reinforced concrete panel in the form of membrane-bending interaction diagrams of any wall cross-section.
• Step n • 3 : Yield design analysis of the wall in its deformed configuration.
This last step consists in performing both static and kinematic approaches of yield design on the deformed configuration computed in step n • 1 while taking into account the reduced strength-criterion obtained from step n • 2. The outcome of this step will yield a bracketing estimate of the stability factor related to the considered configuration.
2 Determination of the deformed configuration 2.1 Initial geometry In its initial configuration, i.e. before any thermal loading, the panel is modelled as a vertical plate of height H and width L in the (OXZ)-plane. Boundary conditions represented in Figure 4 correspond to simple supports on all edges (free rotation), while vertical displacements are fixed on the bottom side. The panel is subjected to its own weight, represented by a uniform vertical density p, and to a thermal loading progressively increasing the Y ≤ 0 face temperature from T = 20 • C to T = 1050 • C, this corresponds to a ISO 834 fire [13] during 120 min.
Thermo-elastic computations
The deformed equilibrium configuration (step n • 1) is computed using the finite element software MARC [14] according to the following points :
• the computation is realized in the context of finite transformations : thermoelastic strains as well as rotations remain small but the change of geometry produced by horizontal out-of-plane displacements is taken into account to determine, in an iterative manner, the final equilibrium computation.
• the influence of temperature on concrete and steel elastic moduli is also taken into account using experimentally determined reduction coefficients [15] .
For more details on these aspects, we refer to [10, 16] .
3 Determination of temperature-dependent strength criteria
Reduction of strength capacities
The influence of temperature on strength properties of concrete and steel is taken into account through the adoption of (non-dimesional) reduction coefficients, denoted respectively by k c and k y , the variation of which as a function of temperature is given by the Eurocode 2 norm [15] and represented in Figure 5 -left. The compressive strength of concrete and the yield strength of steel at a given point of the panel characterised by a temperature T will then be given by :
where f c,amb and f y,amb represent respective strengths at ambient temperature. One can remark that the concrete compressive strength decreases gradually from ambient temperature, whereas the steel yield strength remains equal to its ambient value up to nearly 400 • C. Past this value, its strength decreases abruptly. The thermal analysis for a given fire temperature enables to compute the distribution of temperature T (z) across the panel thickness ( Figure 5 -right). Using the previously mentioned reduction coefficients, this thermal gradient translates directly in terms of a gradient of concrete and steel strength properties across the panel thickness. For a given fire temperature, it remains now to compute the generalized strength criterion (interaction diagrams) of a plate with non-uniform strength properties.
Generalized strength properties
Generalizing the determination of temperature-dependent interaction diagrams for a beam [17] , an up-scaling procedure is adopted to compute the generalized strength criterion of a heterogeneous plate for which an auxiliary problem is formulated on a unit cell consisting of concrete and steel rebars ( Figure 6 ). This unit cell is represented by a parallelepiped of height h, the panel thickness, and of side e corresponding to the spacing between steel rebars. These reinforcements are placed along four layers oriented along orthogonal directions e x and e y and situated at a distance d from the top and bottom surfaces of the panel (now working in the local frame Oxyz). The generalized strength criterion is obtained as the solution of a yield design problem with membrane forces and bending moments acting as macroscopic loading parameters, the resolution of which can be realized resorting to a 3D discretization [18] . Since we aim at modelling the deformed panel as a curved shell, we choose to take advantage of the construction of generalized strength criteria for shells developed in [19] . Indeed, if steel rebars were absent, we would have been in presence of a shell with strength properties homogeneous in its own local plane but heterogeneous across its thickness. Knowing the concrete plane stress strength criterion at all point across the thickness, it is possible to obtain a semi-analytical expression of the shell strength criterion, which is particularly suited for a numerical implementation [19] .
The presence of steel bars is taken into account by adopting a uniaxial traction/compression modelization, embedded in the concrete matrix with a perfect bonding. Let us recall that this choice is equivalent to a lower bound approach to the true generalized strength criterion, which coincides with the latter in the limit of small volume fraction of steel and a large contrast of strength properties between steel and concrete [20] .
In the following, a Mohr-Coulomb strength criterion with tension cut-off will be adopted for concrete :
where z is the coordinate across the thickness and f c (z) the local concrete compressive strength obtained from (1) for a given temperature T (z) at this point. As regards steel, each bar is supposed to obey a criterion of the form :
whereÑ ± x,y represent axial forces inside each bar, S = πφ 2 /4 its cross-section area and f y (z) its yield strength obtained from (2) . With the previous notations, the generalized strength criterion G in terms of membrane force tensor N and bending moment tensor M reads :
which implicitly depends on the thermal gradient through the distributions of f c (z) and f y (z) across the panel thickness.
Yield design analysis of the wall in its deformed configuration
The last step of the simplified procedure consists in implementing numerically both lower and upper bound yield design approaches on the previously determined curved configuration associated to the reduced strength criterion (5).
As mentioned earlier, the panel in its deformed configuration will be viewed as a shell modelled by an assembly of planar facets in membrane-bending interaction as described in [19] . In particular, numerical strategies for approximating the generalized strength criterion G either from the inside or from the outside are employed (respectively for the lower bound static approach and the upper bound kinematic approach) to ensure the strict bounding status of the computed critical load factor [11, 19] . Such strategies are, moreover, particularly suited for formulating the corresponding discrete optimization problems as second-order cone programs. These optimization problems are then solved using the MOSEK [21] software package which implements efficient interior point algorithms.
The SOCP formulation of the global shell yield design problem, both for the upper and lower bound approaches, follows the procedure described in [19, 11] .
The stability analysis of the structure is then assessed by computing a bracketing of the stability factor, which is here defined as the multiplicative non-dimensional factor of the loading (here the self-weight) for which the structure will collapse according to the yield design framework.
Numerical investigation of the structure stability
In the remainder of this paper, the following parameters have been retained :
where E c,amb corresponds to the concrete Young modulus at ambient temperature. Steel rebars consist of 2 beds of HA6 steels (6 mm diameter), spaced by 10 cm, located 3 cm away from the bottom and top surfaces of the panel and oriented along the e X and e Z directions, i.e. : e = 10 cm, d = 4.5 cm, φ = 6 mm, f y,amb = 500 MPa (7) 
Influence of panel width and temperature increase
Raising temperature
The stability of the structure, as described in (Figure 3 ), has been analysed every 10 min for an ISO 834 fire during 120 min. It can be observed that the concrete strength loss is moderate in the upper half thickness of the panel, whereas the lower half loses in average 10% of its strength after only 20 min and roughly 50% after 120 min. Finally, the bottom steel rebars start to loose their strength only after 60 min and is reduced by 40% after 120 min. For the top rebars, their strength is not decreased since the temperature stays below 400 • C at this point. All these remarks enable to interpret the evolution of the interaction diagrams during fire exposure (Figure 9 ). In particular, the heterogeneous distribution of strength properties across the panel thickness explains the non-symmetric shape of the diagrams in fire conditions, while its global size diminishes due to the reduction of strength properties. 
Amplitude of geometrical changes
In Figure 10 , the maximum amplitude of the out-of-plane displacement of the thermally-induced deformed equilibrium configuration has been represented during the fire evolution and for the three panel dimensions. As expected, the width of the panel strongly influences the value of the maximum displacement. The eccentricity remains, however, moderate since the ratio between maximum out-of-plane displacement and the panel height is equal tpo 4% for L = 30 m and 2.5% for L = 12 m, justifying a posteriori the small rotation hypothesis.
Stability analysis
The resolution of the yield design problem on the deformed configuration has been realized by meshing half of the panel, using between 500 and 1000 shell elements. A value of n = 10 (resp. n = 11) has been used for the approximation of the generalized strength criterion for the static (resp. kinematic) approach (see [19] ). Table 1 Bracketing of the stability factor after 120 min (H = 12 m) Table 1 collects the numerical estimates of the stability factor in terms of lower and upper bounds for the different geometries after 120 min of fire exposure. Again, the panel width has a strong influence on the stability factor, which is decreased by a factor 4 when the width goes from 12 m to 30 m.
It is interesting to compare these values to the stability factor which would be obtained without taking into account any geometrical changes (vertical configuration) and without any degradation of strength capacities. In this case, the stability of the panel is limited by its compressive strength N c,amb , reached at its bottom. The associated collapse mechanism corresponds to a downwards rigid block translation (purely axial velocity discontinuity at X = 0 in the X ≤ 0 direction). The exact value of the stability factor is thus given by :
Using the previous numerical values, we obtain here S.F. compression = 115.14. One can observe that this value does not depend on the panel width and that it is much larger than the values obtained when taking into account the combined effect of geometrical changes and strength capacities reduction. Let us also remark that an analytical collapse mechanism involving 5 hinge lines considered by Pham in [10] using a plate model yielded an upper bound estimate of the stability factor of 36.7 for the square panel L = H = 12 m, that is a value slightly higher than the one obtained here with the numerical upper bound approach.
As regards the 3 m wide panel, the optimal collapse mechanism is similar to the vertical rigid block translation previously mentioned, the collapse is thus essentially related to the compressive strength. It is possible to generalize the upper-bound estimate (8) by taking into account the degradation of the compressive strength with temperature as follows :
with N c (T ) =
In this case, an upper bound of S.F. compression,T = 88.1 after 120 min of fire exposure is obtained, i. Finally, the evolution of the stability factor for all configurations during fire exposure has also been reported in Figure 12 . As a comparison, the upper bound estimate (9) corresponding to a pure compression collapse mechanism with reduced strength capacities has been represented as the black dashed line. As mentioned earlier, the stability factor for the 3 m wide panel is relatively close to this value. Whereas all stability factors initially correspond to the ambient compressive strength, the wider the panel, the stronger the drop of the stability factor after a few minutes.
On the other hand, after 40-60 min of fire, the relative decrease of the stability factor occurs at roughly the same speed for all panel width, roughly 5% every 10 min. Let us also remark that the relative contribution of steel rebars to the stability factor also strongly changes with time. It is about 6% at t = 0 min and reaches 40% for L = 12 m and almost 85 % for L = 30 m after 120 min. Steel rebars thus play an important role in limiting the strength loss of the panel during fire exposure. As before, the height H has an important influence on the deformed configuration amplitude. The profile of this configuration in the middle plane (Z = 6 m) after 120 min has been represented in Figure 14 -left.
The corresponding evolution of the stability factor at 120 min has been reported in Figure 14 height can be observed, its value remains around 20 for the considered numerical value. In practice, it is possible to stack such panels up to a total height of 20 m for modern high-rise industrial buildings. For this particular case, the stability of this kind of structure in deformed configuration is thus ensured.
perfect connections
Fig. 14 Influence of total height on the panel stability : profile of the deformed configuration in the middle plane Z = 6 m (left) and evolution of the stability factor estimates (right)
Taking into account imperfect connections
In the preceding sections, the wall has been modelled as a continuous shell with the same generalized criterion at each point of the structure. However, the connection between two individual panels may not be perfect, the side of the panels being in general assembled using male-female notches (Figure 15-left) . In order to take into account the imperfect aspect of the connection, it has been chosen to model it as a joint oriented in the horizontal direction t, with a vertical normal vector n in the panels plane, which offers a zero strength in bending around the joint (hinge) as well as in tangential shear (perfect sliding). The strength criterion of such a joint can thus be written as : The static and kinematic approaches are then modified so as to take into account such a criterion at the connections located every 2.4 m in the vertical direction X, as represented in Figure 13 . The finite element mesh is built in such a way that the edge of some elements are located along these connections, the expression of the strength criterion and the support function being modified only for these particular edges. More specifically, as regards the kinematic approach, the support function of the joint is given by :
where π(n; Figure 16 represents the stability factor estimates obtained when considering imperfect connections. An important reduction of roughly 60% can be observed for the different configurations. Let us however highlight that, for the sake of simplicity, the computations have been realized on the same deformed configurations as for the perfect connections case. Now the presence of imperfect connections has certainly a significant influence on the deformed configuration amplitude, which may further reduce the stability factor.
Finally, the shape of the different collapse mechanisms with or without joints is compared in (Figures 17-20 ). An important difference can be observed when considering joints or not. In particular, sliding and rotation velocity discontinuities can be observed at the joints.
Conclusions
The yield design approach, along with efficient numerical tools such as interior point algorithms for conic programming, enabled to give interesting answers to the stability assessment of a complex engineering problem, involving geometrical changes as well as a reduction of strength capacities in fire conditions. Shell finite elements coupled with a specific strategy to formulate generalized strength criteria from a heterogeneous distribution of strength properties have been used to obtain satisfy- ing bracketing of the stability factor (10% to 20% relative gap) with reasonable computing times (around one minute on a standard desktop computer).
This analysis showed a great sensitivity of the stability factor with respect to the panel geometry, mainly due to its influence on geometrical changes. It has also been possible to illustrate the ability of the yield design approach to take into account imperfect connections.
Further work will be devoted to a better understanding of the link between the geometrical changes and the structure collapse. In particular, it will be interesting to investigate how yield strength properties can be accounted for in the computation of the deformed configuration without resorting to complex incremental approaches.
